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Paramctcr Dcpcndence of Phase and Log Amplitude S c i n t i l l a t i o n  
Ahs t r n c t  : 
L,+! d E%' 
By means of numerical  computation based on t h e  e q u a t i o n s  developed 
I>p Teh r1962j  for phase and log 
t h r o u g h  a s l a b  of random i r r e g u  
amplitude c o r r e l a t i o n  of waves 
a r i t i e s ,  t h e  e f f e c t s  of v a r i a t  
t r a n s m i t t e d  
ons  i n  t rans-  
riiittcr h e i g h t .  s l a b  t h i c k n e s s ,  s l a b  h e i g h t  and i r r e g u l a r i t y  s i z e  are s t u d i e d .  
A s e l e c t e d  number of cu rves  i l l u s t r a t i n g  t h e  e f f e c t s  of changes i n  t h e s e  
parameters are drawn. Using t h e s e  cu rves  a s  a b a s i s ,  i t  is shown t h a t ,  
f ' r o m  exper imenta l  d a t a ,  bounds may be e s t a b l i s h e d  f o r  some of t h e s e  parameters .  
1 
Int roduct ion 
Studies of wave 
by the presence of a 
propagation through a random medium are complicated 
large number of parameters. The basic formulation 
of the problem for the case of weak irregularities has been summarized in 
books by Chernov [1961] and Tatarski [1961]. However, difficulties arise 
when specific values and the dependence of these values with respect to 
certain parameters are desired. This is especially true if irregularities 
are anisotropic, as usually is the case in experimental investigations. 
Therefore, it is desirable to compute numerically the phase departure and 
the logarithmic amplitude departure. The numerical values used are those 
found in the ionosphere work of studying scintillation of satellite radio 
signals. These results are presented graphically in this report. 
The specific problem of interest is the signal statistics of a spher- 
ical wave emitted by a transmitter through an intervening slab of irregu- 
larities. This problem has been studied by a number of authors [Budden, 
1965; deWolf, 1965; Komissarov, 1964; Yeh, 1962; Yoneyama, 1964; Yoneyama 
and Mushiake, 19651. 
follow those in the earlier paper [Yeh, 19621 except that the distances 
will not be normalized. The geometry of the problem is illustrated by 
Fig. 1 where the distances a, b, c, and z are shown clearly. Other 
parameters are the three-dimensional “sizes“ of irregularities 1 1 
and 1 . The mean square values of the phase departure and the logarithmic 
amplitude departure are obtained by numerically integrating (30) which is 
then substituted into the equations (41) and (42) of Yeh [1962]. 





P r e s e n t a t i o n  of Graphs 
F igs .  2 and 3 show t h e  e f f e c t  on phase and log  ampl i tude  depa r tu re ,  
r e s p e c t i v e l y ,  caused by v a r i a t i o n s  i n  s l a b  th i ckness ,  s l a b  he igh t ,  t r ans -  
m i t t e r  h e i g h t ,  and t r a n s m i t t e r  l o c a t i o n  above t h e  s l a b ,  Each set  of cu rves  
assumes 1 = 1.0 km and a va lue  of 1 from . 2 5  km t o  32 km. The curves  
of a set  are grouped by the  va lue  of b, t h e  s l a b  t h i c k n e s s .  The i n d i v i d u a l  
curves  r e p r e s e n t  d e p a r t u r e  vs .  t r a n s m i t t e r  he igh t ,  z ,  f o r  a g iven  t r a n s -  
mi t te r  l o c a t i o n  above t h e  s l a b ,  a.  The ac tua l  v a l u e  of t h e  depa r tu re  is 
dependent upon lZ as w e l l  as <p.% q 3 0  
graphs  i s  19 .1  Mc/s, 
X Y 
The frequency chosen f o r  t h e  
I t  i s  immediately apparent  t h a t ,  f o r  small v a l u e s  of 1 t h e  l a y e r  
t h i c k n e s s  b has  t h e  predominant e f f e c t  on bo th  phase and ampli tude depa r tu re .  
The t r a n s m i t t e r  l o c a t i o n  above t h e  s l a b ,  a, appears  t o  be  t h e  major secondary 
f a c t o r .  Moving from l e f t  t o  r i g h t ,  i n  F igure  2 w e  see t h a t  as 1 i nc reases ,  
thephase  d e p a r t u r e  markedly inc reases  u n t i l  1 
Y 
a s  shown i n  F igure  3, t h e  amplitude d e p a r t u r e  markedly dec reases  as 1 
i n c r e a s e s  u n t i l  1 r eaches  a "c r i t i ca l"  va lue ,  i n  t h i s  case, approximately 
8 km. For va lues  of 1 l a r g e r  than t h e  " c r i t i c a l "  va lues ,  changes i n  1 
Y Y 
appear  t o  have l i t t l e  e f f e c t  on e i t h e r  t h e  phase or ampli tude depa r tu re .  
Y' 
Y 
i s  about 4 km; but i n  c o n t r a s t ,  
Y 
Y 
F ig ,  2 a l s o  shows t h a t  f o r  small b the  phase depa r tu re  is n e a r l y  inde- 
pendent of 1 and weakly dependent on a .  However, f o r  l a r g e r  va lues  of b 
t h e  dependency on a becomes i n c r e a s i n g l y  s t r o n g e r  as  e i t h e r  b or 1 
i nc reased  provided t h a t  1 i s  less than  i t s  "c r i t i ca l "  va lue .  For l a r g e  
v a l u e s  of 1 t h e  s e t  of curves  d i f f e r  l i t t l e  as 1 is  inc reased .  Th i s  
shows t h a t  i f  i r r e g u l a r i t i e s  a r e  extremely a n i s o t r o p i c  t h e  phase s c i n t i l l a -  
t i o n  i s  more dependent on o t h e r  parameters  t h a n  1 " 
Y 






I n  c o n t r a s t ,  t h e  amplitude depa r tu re  shown i n  F ig .  3 d e c r e a s e s  markedly 
wi th  i n c r e a s i n g  1 
again f i n d  t h a t  t h e  dependency of amplitude d e p a r t u r e  on  a becomes i n c r e a s i n g l y  
s t r o n g e r  as both b and I 
which appears  t o  be a "cr i t i ca l"  value.  
i s  shown wi th  r e s p e c t  t o  t r a n s m i t t e r  he igh t ,  z .  As befo re ,  when 1 i s  
greater than  t h e  " c r i t i ca l "  va lue  t h e  sets of cu rves  look  ve ry  s imilar .  
S tudying  t h e  in te rdependence  of t h e s e  parameters  g i v e s  r ise  t o  t h e  
even f o r  sma l l  values of s l a b  t h i c k n e s s ,  b. However, w e  
Y 
increase, provided t h a t  1 i s  less than  about 8 km, 
Y Y 
I n  a d d i t i o n ,  a s imilar  dependency 
Y 
q u e s t i o n  of whether minimal " c r i t i c a l "  va lues  f o r  1 e x i s t e d  and t h e i r  
dependency on I 
e f f e c t  of t he  r e l a t i o n s h i p  of t h e  r a t i o  of 1 t o  1 on phase and amplitude 
depa r tu re ,  F igs .  4 and 5 were cons t ruc t ed .  
Y 
For t h i s  reason, as w e l l  as a g e n e r a l  i n t e r e s t  i n  t h e  
X 
Y X 
The cu rves  i n  t h e s e  f i g u r e s  a re  p l o t s  of phase and ampl i tude  depal ' ture 
vs .  1 
of 1 and, as w i t h  F igs .  2 and 3, the  curves  i n  each s e t  are grouped by t h e  
va lue  of s l a b  t h i c k n e s s  b. The curves  i n  F ig .  4 a r e  subgrouped by t h e  t r a n s -  
m i t t e r  h e i g h t  z .  
w i t h  a ,  b and p x  as parameters.  Each set r e p r e s e n t s  a g iven  v a l u e  
Y 
X 
I n  c o n s t r u c t i n g  F ig .  4, it was found t o  be imposs ib l e  t o  draw meaningful 
c u r v e s  which inc luded  more t h a n  one t r a n s m i t t e r  h e i g h t  z .  The la t ter ' s  
e f f e c t  on t h e  log  phase d e p a r t u r e  was g r e a t l y  exceeded by t h e  e f f e c t  of 
v a r i a t i o n s  i n  a .  Furthermore, t h e  sets of cu rves  f o r  a g iven  v a l u e  of b 
f o r  v a r i o u s  va lues  of a were very  s imilar  f o r  a wide range of cho ices  of z .  
The f i x e d  z = 12,800 km was t h e r e f o r e  s e l e c t e d  s o l e l y  on t h e  b a s i s  of g r a p h i c  
p r e s e n t a b i l i t y .  
The curves  i n  both F igs .  4 and 5 appear t o  v e r i f y  t h e  e x i s t e n c e  of lower 





i n  t h e  neighborhood of .25 km except for very  s m a l l  v a l u e s  of b. Again, 
f o r  a l l  r a t i o s  of I t o  1 w e  f i n d  t h a t  t h e  major f a c t o r  a f f e c t i n g  t h e  
phase and log  amplitude d e p a r t u r e s ,  a5 might be expec ted ,  IS t h e  s l a b  
t h i c k n e s s  b o  Add i t iona l ly ,  w e  no te  t h a t  t h e  phase d e p a r t u r e  increases f a i r l y  
r a p i d l y  wi th  i n c r e a s e s  i n  e i t h e r  1 or 1 i f  t h e y  a r e  less t h a n  some “ c r i t i c a l ”  
X Y 
v a l u e ,  which, f o r  t h e  most p a r t ,  appa ren t ly  l i e s  i n  t h e  neighborhood of 4 km 
t o  8 km, 
X Y ’  
Perhaps t h e  most s t r i k i n g  r e s u l t  i s  the  e f f e c t  of i r r e g u l a r i t y  s i ze  
= 4 km on l o g  amplitude d e p a r t u r e  as shown by F ig .  5. 
and I x  = 16 km show marked drops  as 1 
The graphs  for I 
X 
i n c r e a s e s .  
Y 
I n  an e f f o r t  t o  e x p l o i t  t h e  c o n t r a s t i n g  e f f e c t  of s l a b  t h i c k n e s s  b on 
t h e  phase and log  amplitude depa r tu re ,  w e  computed t h e  curves  i n  F i g s .  6, 
7 and 8 ,  A t r a n s m i t t e r  h e i g h t  z of 1200 km w a s  chosen t o  cor respond t o  
t h e  t h e n  probable he igh t  of t h e  s a t e l l i t e  S-66. The i n t e g r a l s  w e r e  changed 
t o  p e r m i t  t h e  use  of a mean l a y e r  he ight  h r a t h e r  t h a n  t h e  d i s t a n c e  c ,  a s  
shown i n  t h e  i n s e r t  of F i g ,  6 ,  The la tes t  exper imenta l  ev idence  seems t o  
i n d i c a t e  t h a t  h = 350 km is  a reasonable  f i g u r e  [McClure, 19643. Random 
checks  of p l o t s  f o r  o t h e r  v a l u e s  of h v e r i f i e d  t h a t  t h i s  h e i g h t  y i e l d e d  
r e p r e s e n t a t i v e  cu rves .  Note t h a t  t h e  new norma l i za t ion  makes t h e  phase 
and l o g  amplitude d e p a r t u r e  s c a l e s  independent of f requency .  I t  is  hoped 
t h a t  t h e s e  curves  might l e a d  t o  r e a l i z a b l e  exper imenta l  t echn iques  f o r  a t  
l e a s t  g r o s s  e s t i m a t i o n  of t h e s e  prameters. 
F ig .  6 i s  a p l o t  of phase v s ,  ampl i tude  d e p a r t u r e  f o r  v a r i o u s  v a l u e s  
o f  1 _1 For a l l  curves  i n  t h i s  set f = 20 m c  and 1 = 1 The p l o t  makes 
use  of  t h e  important p rope r ty  
X X Y’ 




Thus t h e  curves  superimposed f o r  cons t an t  b are arcs of circles  w i t h  a center 
a t  t h e  o r i g i n .  
The sets of cu rves  i n  F ig ,  6 have a t  least  t h r e e  c h a r a c t e r i s t i c s  which 
may be e x p l o i t e d .  F i r s t ,  s i n c e  
w e  o b t a i n ,  when (2) i s  s u b s t i t u t e d  i n t o  (11, 
Kb/f2 > <Q% > - Kb.'2f2 and <S% - < Kb/2f2 (3 1 
The r e l a t i o n  (3) e s t a b l i s h e s  t h e  upper and lower bounds for phase s c i n t i l l a -  
t i o n ,  and t h e  upper bound f o r  amplitude s c i n t i l l a t i o n ,  
Second, a l i n e  through t h e  o r i g i n  having  s l o p e  <S%/<QQ i n t e r s e c t s  
2 
<Q% a t  a d i s t a n c e  Kb/f from t h e  o r i g i n .  Thus i f  b can be determined 
independent ly  or es t imated ,?  w e  may f i n d  t h e  normalized phase and ampl i tude  
d e p a r t u r e s  which i n  t u r n  y i e l d  t h e  v a l u e s  of q Q  <p> I . The f a c t o r s  
+%, <F>,~ and l z  cannot be sepa ra t ed .  
z 
2 Third,  f o r  a f i x e d  r a t i o  of <S >/<Q%, lx changes ve ry  s lowly  as t h e  
s l a b  t h i c k n e s s  b i s  i n c r e a s e d ,  In  f a c t ,  for b less t h a n  about 300 km, 
t h e  cu rves  for c o n s t a n t  I 
I t  may be v e r i f i e d  e a s i l y  t h a t  t h e  s c a l i n g  f a c t o r  f o r  b i s  i n v e r s e l y  
are almost s t r a i g h t  l i n e s  through t h e  o r i g i n .  
X 
p r o p o r t i o n a l  t o  t h e  f requency  (e.g.  f o r  40 Mc/s s i g n a l s ,  t h e  s l a b  t h i c k n e s s  
i s  b/2 as shown i n  F ig .  6 ) .  Thus, i f  t h e  curve  f o r  a g iven  1 is independent 
of frequency, w e  must have 
X 
20 m c  
40 m c  
<SQ 
2 < S S  
2 
= 2  - <Q ,20 mc 





. and <S%40 mc a r e  read from F ig .  6 by assuming b/2 is t h e  2 where <Q > 
s l a b  th i ckness , ,  If t h e  curve is not independent of frequency t h e n  
40 m c  
= 6  
40 m c  - 2 <Q% 20 m c  <& 
and t h e  s t r o n g e r  t h e  f requency  dependency t h e  larger the  v a l u e  of 6. W e  
i l l u s t r a t e  t h i s  g r a p h i c a l l y  a s  fo l lows ,  
For s i m p l i c i t y ,  l e t  1 =. 1 . If t h e  phase d e p a r t u r e  a t  20 m c  has  a 
X Y  
va lue  q and Ix  = 1 a s  shown i n  F ig .  7, t h e n  b = b q  and t h e  phase depar- x ’  1 1 1 -
t u r e  a t  40 mc should  i n t e r s e c t  t h e  curve  1 = 1 a t  bi = b q / 2 ,  i .e.  q2 = q1,/2. 
X x, 1 
then  b = b and 
1 If for t h e  same phase depa r tu re  a t  20 m c ,  1 
= 1 
X J  2 X 
t h e  phase d e p a r t u r e  a t  40 m c  should have t h e  v a l u e  q > q /2 determined 3 1 
by t h e  arc b z b = b /2 and t h e  curve f o r  1 = 1 f = 40 m c .  
x2’ 2 1 X 
By u s i n g  s e p a r a t e  phase and amplitude d e p a r t u r e  scales f o r  each f requency  
( r a t i o  f /f and t h u s  t h e  same s c a l e  f o r  b, w e  can reduce  F i g ,  7 t o  F ig .  8. 
1 2  
The cu rves  i n  F i g ,  9 were computed t o  s t u d y  f requency  dependence. I n  
o r d e r  t o  compare e a s i l y  t h e  change i n  d e p a r t u r e  due t o  frequency s h i f t ,  
frequency was e l i m i n a t e d  as a s c a l i n g  f a c t o r  f o r  b as i l l u s t r a t e d  above. 
It w i l l  be noted t h a t  f o r  va lues  of 1 such t h a t  1 km < Ix < 3.0 km, - - X 
t h e  f requency  dependence i s  s u f f i c i e n t l y  s t r o n g  t o  be v e r i f i e d  expe r imen ta l ly .  
T h i s  is j u s t  t h e  range  of i r r e g u l a r i t i e s  observed i n  t h e  ionosphere  work. 
The q u e s t i o n  t h e r e f o r e  a r o s e  a s  t o  whether t h i s  n o n - l i n e a r i t y  e x i s t e d  i n  
t h i s  range  when 1 f 1 and t h e  curves i n  F ig .  10  were computed t o  examine 
t h e  spac ings  f o r  1 5 1 1 = 10 I and 1 = 15 I The l a t t e r  two sets 
of c u r v e s  were i d e n t i c a l  w i t h i n  the  p l o t t i n g  accuracy and 1 
t h e r e f o r e  omi t t ed ,  
X 3.’ 
Y x.* y X’ Y X 
= 15 1 was Y X 
. 7 
I t  I s  immediately apparent  t h a t  t he  range of n o n - l i n e a r i t y  i n c l u d e s  
1.0 km C 1 C 3.0 km. F u r t h e r ,  i t  is a l s o  noted t h a t  f o r  1 > 2 . 6  km, t h e  
two sets cf curves  are almost i n d i s t i n g u i s h a b l e  i n d i c a t i n g  t h a t  t h e  a n i s o t r o p i c  
e f f e c t  is  unnmportant i n  t h i s  region, a p rope r ty  a l s o  shown c l e a r l y  i n  F igs .  4 
and 5 ,  
- x -  x -  
Conclusions 
The s tudy  of i onosphe r i c  i r r e g u l a r i t i e s  based upon measurement by a 
s i n g l e  r e c e i v e r  of t h e  s c i n t i l l a t i o n  of r a d i o  s i g n a l s  from a s a t e l l i t e ,  
even when supplemented by o t h e r  in format ion  such as l a y e r  h e i g h t  and layer 
t h i c k n e s s ,  is  plagued no t  on ly  by the i n h e r e n t  d i f f i c u l t i e s  of accwately 
measuring + h e  s c i n t i l l a t i o n  i t s e l f ,  bu t  a l s o  by t h e  f a c t  t h a t  t h e r e  are 
a l a r g e  number of combinations sf parameters which would cause t h e  same 
s c i n t i  l l a t i c rn ,  However, i t  would appear t h a t  a c c u r a t e  measurement of both 
phase d e p a r t u r e  and ampl i tude  depa r tu re  coupled wi th  measurements of l a y e r  
h e i g h t  and t h i c k n e s s  could  do much toward e s t a b l i s h i n g  bounds f o r  c e r t a i n  
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FIGURE 6 
RMS PHASE DEPARTURE vs. LOG AMPLITUDE 
FOR VARIOUS LAYER THICKNESSES 
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FIGURE 9 
EFFECT OF FREQUENCY ON PHASE DEPARTURE 
AND LOG AMPLITUDE 
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EFFECT OF RATlOLy/Lx ON PHASE DEPARTURE 
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